Abstract. We prove the K-theoretic Farrell-Jones conjecture for groups as in the title with coefficient rings and C * -algebras which are stable with respect to compact operators. We use this and HigsonKasparov's result that the Baum-Connes conjecture with coefficients holds for such groups, to show that if G is as in the title then the algebraic and the C * -crossed products of G with a stable separable G-C * -algebra have the same K-theory.
Introduction
Let G be a group; a family of subgroups of G is a nonempty family F closed under conjugation and under taking subgroups. A G-space is a simplicial set together with a G-action. If F is a family of subgroups of G and f : X → Y is an equivariant map of G-spaces, then we say that f is an F-equivalence (resp. an F-fibration) if the map between fixed point sets
is a weak equivalence (resp. a fibration) for every H ∈ F. A G-space X is called a (G, F)-complex if the stabilizer of every simplex of X is in F.
The category of G-spaces can be equipped with a closed model structure where the weak equivalences (resp. the fibrations) are the F-equivalences (resp. the F-fibrations), (see [2, §1] ). The (G, F)-complexes are the cofibrant objects in this model structure. By a general construction of Davis and Lück (see [4] ) any functor E from the category Z-Cat of small Z-linear categories to the category Spt of spectra which sends category equivalences to weak equivalences of spectra gives rise to an equivariant homology theory of G-spaces X → H G (X, E(R)) for each unital G-ring R. If H ⊂ G is a subgroup, then H G * (G/H, E(R)) = E * (R ⋊ H) (1.1)
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is just E * evaluated at the crossed product ring. The isomorphism conjecture for the quadruple (G, F, E, R) asserts that if E(G, F) ∼ ։ pt is a (G, F)-cofibrant replacement of the point, then the induced map H G * (E(G, F), E(R)) → E * (R ⋊ G) (1.2)
-called assembly map-is an isomorphism. For the family F = All of all subgroups, (1.2) is always an isomorphism. The appropriate choice of F varies with E. For E = K, the nonconnective algebraic K-theory spectrum, one takes F = Vcyc, the family of virtually cyclic subgroups; the isomorphism conjecture for (G, Vcyc, K, R) is the K-theoretic Farrell-Jones conjecture with coefficients in R. Moreover, for E = K, (1.2) makes sense for those coefficient rings R which are K-excisive, i.e. those for which Ktheory satisfies excision ([2, Section 3]). In this paper we are interested in the K-theory isomorphism conjecture for coefficient rings of the form
where I is a K-excisive G-ring, A is a complex G-C * -algebra (or more generally a G-bornolocal C * -algebra as defined in Section 2), ⊗ = ⊗ Z is the algebraic tensor product, ⊗ is the spatial tensor product, and K is the ideal of compact operators in an infinite dimensional, separable, complex Hilbert space with trivial G-action. We consider the Farrell-Jones conjecture for discrete groups having the Haagerup approximation property. These are the countable discrete groups which admit an affine, isometric and metrically proper action on a real pre-Hilbert space V of countably infinite dimension (or equivalently on a Hilbert space). The term metrically proper means that for every v ∈ V , lim g→∞ ||gv|| = ∞.
The groups satisfying this property are also called a-T-menable, a term coined by Gromov ([5] ). Our main result is the following (see Theorem 7.1). ) ) is an isomorphism. Hence in Corollary 1.8 we may substitute the full C * -crossed product for the reduced one.
The rest of this paper is organized as follows. In Section 2 we give some preliminaries on bornolocal C * -algebras. These are normed * -algebras over C such that a * a = a 2 , possibly not complete, which are filtered unions of C * -subalgebras. For example, if X is a locally compact Hausdorff topological space and A is a C * -algebra, then the algebra C c (X, A) of compactly supported continuous functions X → A is a bornolocal C * -algebra. We write BC * for the category of bornolocal C * -algebras and G-BC * for the corresponding equivariant category. In Section 3 we prove Theorem 3.3.2, which says that if G is a discrete group, X a G-space, I a K-excisive G-ring and B ∈ G-BC * , then the functor
is excisive, homotopy invariant, and G-stable. Here ⊗ µ is the maximal tensor product of bornolocal C * -algebras; it is defined in (3.2.1). Section 4 concerns equivariant asymptotic homomorphisms of G-bornolocal C * -algebras. In this technical section, we discuss how to extend the functor (1.9) to a functor E X that can be applied to certain equivariant asymptotic homomorphisms; the main results of this section are Proposition 4.3.7 and Lemma 4.3.13. In Section 5 we recall Higson-Kasparov's construction of a dual Dirac element in equivariant E-theory ( [10] ). For a group G which acts by affine isometries on a countably infinite dimensional Euclidean space V , they construct a G-C * -algebra A 0 (V ) which is a C * -colimit over all finite dimensional subspaces S ⊂ V , of algebras of continuous functions R×S → Cliff(R⊕S), vanishing at infinity, and taking values in the complexified Clifford algebra Cliff(R ⊕ S).
They define an equivariant asymptotic homomorphism 10) and they show that its class in E G (C 0 (R), A 0 (V )), which they call the dual Dirac element, is invertible. We define a bornolocal G-C * -algebra A c (V ) which is an algebraic colimit, over the finite dimensional subspaces S ⊂ V , of algebras of compactly supported continuous functions R × S → Cliff(R ⊕ S).
The map (1.10) restricts to an equivariant asymptotic homomorphism
Using Higson-Kasparov's result, together with Lemma 4.3.13, we show in Proposition 5.11 that for the extensionĒ X of Section 4,Ē X (β c ) has a left homotopy inverse. Then in Corollary 5.13 we give the following application. Let f : X → Y be an equivariant map and let
be the natural transformation induced by f . Then
is a weak equivalence whenever
is. In Section 6 we recall the notion of proper G-rings over a discrete homogeneous space G/H, introduced in [2] , which is analogous to the same notion for C * -algebras ( [6] ). It is shown in [6, Theorem 13.1] that the E-theory Baum-Connes assembly map for the full C * -crossed product with coefficients in proper G-C * -algebras is an isomorphism. The analogous result for algebraic K-theory of algebraic crossed products of groups and K-excisive Q-algebras and the Farrell-Jones assembly map was proved in [2, Theorem 13.2.1]. Higson and Kasparov show in [10] that if the affine isometric action of G on V is metrically proper, then A 0 (V ) is a proper G-C * -algebra. We prove in Theorem 6.14 that if
is a natural transformation between functors G-BC * → Spt, then the map τ (A c (V )) is a weak equivalence whenever all the following conditions are satisfied:
• The action of G on V is metrically proper.
• The functors F and G satisfy excision and commute up to weak equivalence with filtering colimits along injective maps.
• If H ⊂ G is a finite subgroup and P is proper over G/H, then τ (P )
is an equivalence. All these results are used in Section 7 to prove Theorem 1.4 (for general bornolocal C * -algebras) and Corollaries 1.5 and 1.8; they are Theorem 7.1 and Corollaries 7.3 and 7.5, respectively. Acknowledgements. We wish to thank our colleague Gabriel Acosta for useful discussions, and Arthur Bartels for pointing out a mistake in a previous version of this paper. Part of the research for this article was carried out while the first named author was visiting Sasha Gorokhovsky at the University of Colorado Boulder. He is thankful to UCB and his host for their hospitality and to the latter for useful discussions.
2. Bornolocal C * -algebras 2.1. Definitions and examples. Let (A, ) be a normed * -algebra over C such that a * a = a 2 for all a ∈ A. A C * -bornology for A is a filtered family F of complete * -subalgebras that verifies A∈F A = A. If F and F ′ are two C * -bornologies on A, we say that F is finer than F ′ (and write F ≺ F ′ ) if for each A ∈ F there exists A ′ ∈ F ′ such that A ⊂ A ′ . If F ≺ F ′ and F ′ ≺ F we call the bornologies equivalent. A bornolocal C * -algebra is a normed * -algebra A as above equipped with an equivalence class of C * -bornologies. Thus a bornolocal C * -algebra is a local C * -algebra in the bornological sense (cf. [3, Definition 2.11]). We write (A, F) or simply A for the algebra A equipped with the equivalence class of the C * -bornology F, depending on whether or not the latter needs to be emphasized. A morphism between two bornolocal C * -algebras (A, F) and (B, G) is a * -
Note that this definition depends only on the equivalence classes of the bornologies F and G. For example if (A, F) is a bornolocal C * -algebra and C ⊂ A is a closed * -subalgebra then C is again a bornolocal C * -algebra with the induced bornology {A ∩ C : A ∈ F} (2.1.1) and the inclusion is a homomorphism. We write BC * for the category of bornolocal C * -algebras and morphisms.
Any C * -algebra A may be viewed as a bornolocal C * -algebra with the trivial bornology F = {A}. This gives a fully faithful embedding of the category of C * -algebras into BC * . If {A i } is a filtering system of bornolocal C * -algebras with injective transfer maps then the algebraic colimit A = colim i A i , equipped with the obvious colimit bornology, is the colimit of the system in BC * . Thus any functor F : C * -Alg → C * -Alg which preserves monomorphisms extends to bornolocal C * -algebras by
Hence, for example, if X is a locally compact (Hausdorff) space and A ∈ BC * then the algebra C 0 (X, A) of continuous functions vanishing at infinity is again in BC * . Moreover the algebra of compactly supported continuous functions is also in BC * , since we may write it as the colimit
Here the colimit runs over all pairs (A, K) with A ∈ F and K ⊂ X a compact subspace which is the closure of an open subset. Recall from [14, T.5.19 ] that the spatial tensor product ⊗ of injective morphisms of C * -algebras is again injective. The spatial tensor product A⊗ B of bornolocal C * -algebras is defined by using (2.1.2) twice. For example, C c (X, A) = C c (X)⊗ A. The graded spatial tensor product A⊗ B of Z/2Z-graded bornolocal C * -algebras A and B is defined similarly. Two homomorphisms
2.2. Exact sequences. If (A, F) ∈ BC * then a bornolocal ideal in A is a ring theoretic, closed two-sided ideal I, equipped with the equivalence class of the induced bornology (2.1.1). Note that any such ideal is automatically self-adjoint. The kernel of a homomorphism f : A → B in BC * in the categorical sense is just the ring theoretic kernel ker f with the induced bornology. If A = (A, F) ∈ BC * and I ⊳ A is a bornolocal ideal, then the cokernel of the inclusion map I ⊂ A is A/I equipped with the equivalence class of the bornology {A/A ∩ I : A ∈ F}. A sequence
of bornolocal C * -algebras is exact if i is a kernel of p and p is a cokernel of i. By our previous remarks, if B = (B, F) then (2.2.1) is isomorphic to the algebraic colimit of the exact sequences of C * -algebras
with B ∈ F, and this colimit coincides with the colimit in BC * . Conversely, the colimit in BC * of any filtering system of short exact sequences of C * -algebras along monomorphisms is exact.
Equivariant homology
3.1. Homotopy invariance, excision, stability, and equivariant Etheory. Let G be a countable discrete group. Consider the category G-BC * of G-bornolocal C * -algebras and equivariant homomorphisms. If is G-equivariant. Let E : G-BC * → Spt. We say that E is homotopy invariant if E(c) is a weak equivalence for every A ∈ G-BC * . We say that E is excisive if for every exact sequence (2.2.1) of equivariant maps,
is a homotopy fibration sequence. Any equivariant orthogonal decomposition H = H 1 ⊥ H 2 of a separable G-Hilbert space gives rise to a C * -algebra homomorphism K(H i ) → K(H) (i = 1, 2) between the algebras of compact operators. We say that E is G-stable (resp. stable) if for every equivariant orthogonal decomposition as above (resp. for every decomposition as above where dim H 1 = 1 and G acts trivially on H) and every A ∈ G-BC * , E sends the maps
to weak equivalences. Thus if H 1 and H 2 are G-Hilbert spaces and E is G-stable then the maps (3.1.2) induce a weak equivalence
3.2. Equivariant algebraic K-homology. Write K for the nonconnective algebraic K-theory spectrum. If R is a ring and I ⊳ R is an ideal, we write
Recall that a ring I is K-excisive if whenever I ⊳ R and I ⊳ S are two ideal embeddings and f : R → S is a compatible ring homomorphism, the map K(R : I) → K(S : I) is a weak equivalence. If I is a G-ring, the (algebraic) crossed product I ⋊G is the tensor product
In the next lemma and elsewhere, we shall use the maximal tensor product
One checks that the colimit depends only on the equivalence classes of F and G, so that C ⊗ µ D is a well-defined C-algebra. If either C or D is nuclear, i.e. it has a bornology in which every element is a nuclear C * -algebra, then C ⊗ µ D = C⊗ D is the bornolocal C * -algebra of Section 2.1. If G is a discrete group acting on both C and D, then we consider C ⊗ µ D as a G-algebra equipped with the diagonal action. If B, C and D are in G-BC * and C is nuclear, then there is an associativity isomorphism
In this case we shall abuse notation and write
Let G be a group and let OrG be its orbit category. If G/H ∈ OrG write G(G/H) for the transport groupoid. If R is a unital G-ring, we can form the crossed product Z-linear category R ⋊ G(G/H) [2, Section 3.1]. Let I ⊳ R be a two-sided ideal, closed under the action of G; consider the homotopy fiber
The G-equivariant K-homology of a G-space X with coefficients in (R : I) is the coend
LetĨ be the unitalization; this is the abelian group I ⊕ Z equipped with the following multiplication:
If I is a G-ring, we write
and
If I is unital, the two definitions of K(I ⋊ G(G/H)) and H G (X, K(I)) are weakly equivalent, by [2, Propositions 3.3.9(a) and 4.3.1]. If I is K-excisive and I ⊳ R is an ideal embedding into a unital ring R, then by [2, Propositions 3.3.12 and 4.3.1], the canonical map of OrG-spectra is a weak equivalence
For any G-ring I we have a weak equivalence, natural in I
If I is K-excisive, we furthermore have
It was proved in [2] that K(− ⋊ G(G/H)) and H G (X, K(−)) send short exact sequences of K-excisive G-rings to homotopy fibration sequences ([2, Propositions 3.3.9(b) and 4.3.1]). More generally, we have the following proposition, which we shall use in Section 4.
be an exact sequence of G-rings. Assume that I is K-excisive. Let X be a G-space. Then
is a homotopy fibration sequence.
Proof. It suffices to prove the proposition for X of the form G/H where H ⊂ G is a subgroup. We have a homotopy commutative diagram with homotopy fibration rows
It follows that the homotopy fiber of the first vertical map is weakly equivalent to that of the middle map, which in turn is weakly equivalent to
3.3. Equivariant K-homology of stable algebras. The following lemma is well-known and straightforward; it will be used in the proof of Theorem 3.3.2 below.
Lemma 3.3.1. Let H be a G-Hilbert space; if g ∈ G, write u g ∈ B(H) for the unitary implementing the action of g on H. Let I be a G-ring and A, B ∈ G-BC * . Let H be H with the trivial G-action. Then the map
is an isomorphism.
We now come to the main theorem of this section.
Theorem 3.3.2. Let G be a countable discrete group, I a G-ring, B ∈ G-BC * and K = K(ℓ 2 (N)) the algebra of compact operators with trivial Gaction. Assume that I is K-excisive. Let X be a G-simplicial set. Then the functor
is excisive, homotopy invariant, and G-stable. 
Here C is regarded as a G-C * -algebra with trivial action. . Specializing to C = C, we obtain that the functor of the proposition is homotopy invariant, excisive and stable. To prove that it is also G-stable, it suffices to show that if S ⊂ G is a subgroup, then
is G-stable. By [2, Lemma 3.2.6 and Proposition 4.2.8] there is a weak equivalence
is stable; by Lemma 3.3.1 it is also S-stable, and therefore G-stable.
Remark 3.3.3. Theorem 3.3.2 will be used in full generality in the proof of Theorem 7.1. The application given in Corollary 3.3.5 below uses only the case B = C.
Consider the comparison map
from algebraic K-theory to Weibel's homotopy algebraic K-theory [15] .
Corollary 3.3.5. Let X be a G-space. The map (3.3.4) induces a weak equivalence
Proof. It suffices to show that the map of OrG-spectra
is a weak equivalence. By [2, Propostions 4.2.8 and 5.3] this is equivalent to proving that
is homotopy invariant. It follows from this, using the argument of the proof of [12, Theorem 3.4] , that (I ⊗ (A⊗ K)) ⋊ H is K-regular for every A ∈ G-BC * .
Remark 3.3.6. By [1, Remark 7.4 ], if J is any G-ring, there is a canonical weak equivalence
Hence in view of Corollary 3.3.5, if I, A and K are as above, then the Farrell-Jones conjecture with coefficients in J = I ⊗ (A⊗ K) is equivalent to the isomorphism conjecture for the quadruple (G, Fin, K, J).
Asymptotic morphisms
4.1. Basic definitions. We begin by recalling from [6] some basic definitions and facts concerning equivariant asymptotic morphisms of C * -algebras. Let G be a discrete group and let B be a G-C * -algebra; write C b ([1, ∞) , B) and C 0 ([1, ∞), B) for the G-C * -algebras of bounded continuous functions and of continous functions vanishing at infinity, equipped with the induced actions. Consider the quotient
If n ≥ 0, we write Q n for the n-fold composition of the functor Q. Let A be another G-C * -algebra. A G-equivariant n-asymptotic homomorphism from A to B is a G-equivariant * -homomorphism A → Q n (B). Thus a 0-asymptotic morphism is the same as a homomorphism of G-C * -algebras; 1-asymptotic morphisms are simply called asymptotic morphisms. In the next section we shall need to consider equivariant asymptotic morphisms of bornolocal C * -algebras. The definition is the same as in the C * -algebra case; if A and B ∈ G-BC * , a G-equivariant asymptotic morphism
.
is the algebra of bounded continous functions with values in the normed algebra B. It is normed by the supremum norm, but has no obvious C * -bornology; thus Q(B) is just a normed G- * -algebra. As in the C * -algebra case, equivariant asymptotic morphisms are in one-toone correspondence with classes of equivariant asymptotic families up to asymptotic equivalence. The definition of 1-homotopy is also the same as in the C * -algebra case. We do not consider n-asymptotic morphisms A → B for general B ∈ G-BC * .
4.2.
Applying functors to asymptotic homomorphisms. We shall presently show that any excisive and homotopy invariant functor from G-C * -algebras to spectra induces a functor Q G → HoSpt to the homotopy category. We begin by noting that the kernel C 0 ([1, ∞), B) of the projection π is equivariantly contractible, and that the map ι of (4.1.2) and the evaluation ev 1 are equivariantly homotopy inverse to each other. Hence if E is an excisive and homotopy invariant functor to spectra, then we have a natural weak equivalence γ n : E(Q n (B)) → E(B) given by
(4.2.1) In particular, the maps E(Q n (ev 0 )) and E(Q n (ev 1 )) : E(Q n (B[0, 1])) → E(B) represent the same map in HoSpt, since E(ev 0 ) and E(ev 1 ) do. Moreover, because the diagram
is homotopy commutative, the maps γ n+1 E(πι) and γ n are the same in the homotopy category. It follows that we have a well-defined map
One checks further that the latter map is compatible with composition, so that we have a functorĒ : Q G → HoSpt.
Recall from [6, Theorem 6.9] that there is also an additive category E G whose objects are the G-C * -algebras and where the homomorphisms are given by
Here ΣA = C 0 (R)⊗ A is the suspension. There is a functor
which is the identity on objects and on morphisms is induced by tensor product with C 0 (R)⊗ K(L 2 (G)) (see [6, Theorem 4.6] ). We remark that if E : G-C * → Spt is excisive, homotopy invariant, and G-stable, then
Hence we can further extendĒ to a functor = E : E G → HoSpt.
4.3.
The case of equivariant K-homology. Let X be a G-space, C ∈ G-BC * and I an excisive G-ring. By Theorem 3.3.2, the functor
is excisive, homotopy invariant, and G-stable. Hence its restriction to G-C * -algebras induces functorsĒ : Q G → HoSpt and
If we apply (4.2.3) to an equivariant homomorphism f : A → Q(B), then for
we obtain the class of the compositē
Next observe that for any G-C * -algebra D, we have an equivariant map of exact sequences
Taking the colimit of the diagrams (4.3.3) for D ∈ F we obtain a commutative diagram with exact rows ([1, ∞), B) ). Hence we may also consider the composite Proof. Let D = K ⊗ µ C. The lemma follows from (4.3.4) and from the following commutative diagram
The following proposition summarizes our previous discussion.
Proposition 4.3.7. Let G be a discrete group, X a G-space, C ∈ G-BC * , and I a K-excisive G-ring. Consider the functors
Then the restriction of E to the category of G-C * -algebras induces functors E : Q G → HoSpt and = E : E G → HoSpt from the equivariant asymptotic category and equivariant E-theory to the homotopy category of spectra. The
commutes up to natural equivalence. If f : A − −− > B is an equivariant asymptotic homomorphism, thenĒ(f ) is the homotopy class of the composite of diagram (4.3.2). If moreover B is nuclear, then class of the latter map is the same as that of the composite of diagram (4.3.5).
Proof. We showed in Section 4.2 that any excisive and homotopy invariant functor G-C * → Spt extends to a functor Q G → HoSpt, and moreover to E G → HoSpt if in addition the functor is G-stable. By Theorem 3.3.2, this applies to the functor E. The equivalence between the maps (4.3.2) and (4.3.5) is established by Lemma 4.3.6.
Let B be another C * -algebra and let
be a * -homomorphism. Consider the map
Assume that B is nuclear, and let C ∈ BC * . Then under the isomorphism
andf 0 is G-equivariant, then, writing 1 for the identity map of K ⊗ µ C, we have that f 0 ⊗ µ 1 is G-equivariant, andĒ(f 0 ) is equivalent to the composite
Now let A, B, C ∈ G-BC * with B nuclear. Formula (4.3.9) defines a homomorphism A) ), which restricts to
Let # ∈ {0, c} and let f # : C # (R, A) → B be a * -homomorphism. Put
Assume thatf # is G-equivariant; write 1 for the identity map of K ⊗ µ C. Then f # ⊗ µ 1 is again G-equivariant. Moreover, by Proposition 3.2.4 and Theorem 3.3.2, the map
is a weak equivalence. LetĒ(f # ) be the compositē
o o (4.3.12) In the next section we shall need the following trivial observation. 
commutes. Further assume thatf 0 andf c are G-equivariant. Let E be as in Proposition 4.3.7 and letĒ(f # ) be as in (4.3.12) (# ∈ {0, c}). Then the diagram
is homotopy commutative.
A Dual Dirac element
The purpose of this section is to prove a compactly supported variant of a theorem of Higson and Kasparov ([10, Theorem 6.10]). We start by recalling some material from [9] , [10] , and [11] . A Euclidean space is a real pre-Hilbert space. Let V be a countably infinite dimensional Euclidean space. Write F(V ) for the set of finite dimensional affine subspaces of V . For S ∈ F(V ) put S 0 = {s 1 − s 2 : s i ∈ S}. Write Cliff(S) for the complexified Clifford algebra of S 0 . As usual we use the subscripts c and 0 to indicate compactly supported functions and functions vanishing at infinity. For # ∈ {c, 0}, put
Observe that the Z/2Z-grading on Cliff(S) induces one on C # (S). For example Cliff(R) = C ⊕ uC where u is a degree one element satisfying u 2 = 1.
Here C # (R) j = u j C # (R) (j = 0, 1). In addition the algebra C # (R) is also Z/2Z-graded according to even and odd functions. For f ∈ C # (R) write f = f even + f odd for its even-odd decomposition. One checks that the map
is a homogeneous isometric embedding. Let X ∈ C(R) be the identity function. We may interpret θ as the functional calculus of the degree one, essentially self-adjoint, unbounded operator of multiplication by Xu ∈ C(R, Cliff(R)); we have
2) We will identify C # (R) = θ(C # (R)). Consider the graded spatial tensor product
Using the identification above, we may regard A # (S) as a subalgebra of C # (R × S, Cliff(R ⊕ S 0 )). We have
. Following [11] , we write C 21 : S 21 → Cliff(S 21 ) for the inclusion and X ∈ C(R) for the identity function, considered as degree one, essentially self-adjoint, unbounded multipliers of C 0 (S 21 ) and C 0 (R), with domains C c (S 21 ) and C c (R). Using functional calculus, one obtains a map
, the closed ball in R×S 2 . In particular the map (5.5) sends A c (S 1 ) to A c (S 2 ).
Proof. It follows from the fact that if s 2 decomposes as
and sp(xu + s 21 ) = {± x 2 + ||s 21 || 2 }. By [11, Proposition 3.2] , if S 1 ⊂ S 2 ⊂ S 3 , then β 31 = β 32 β 21 . Let A 0 (V ) be the C * -algebra colimit of the direct system {β T S :
be the algebraic colimit; by Remark 5.8 this is the colimit in BC * . We have a commutative diagram
Now let G be a discrete group acting on V by affine isometries. Then for each g ∈ G there are an orthogonal transformation ℓ(g) and a vector τ (g) ∈ V such that
The G-action on V induces an action on A # (V ) defined as follows
We regard A # (0) and A # (V ) as G-algebras with the trivial and the induced action, respectively. In general, the map β # : A # (0) → A # (V ) is not G-equivariant; however this can be fixed asymptotically. Indeed the asymptotic homorphism
The following proposition is an immediate consequence of a theorem of Higson and Kasparov and of the results of the previous section. . Let G be a countable discrete group acting on V by affine isometries. Let X be a G-space, let I be a K-excisive G-ring, and let B ∈ G-BC * . Consider the functor
Then the mapĒ X (β c ) defined in (4.3.12) is a split monomorphism in HoSpt.
Proof. Put E = E X : G-BC * → Spt. By Proposition 4.3.7 and [10, Theorems 6.8 and 6.11], the functor (4.2.4) sends the class ofβ 0 to an isomorphism in E G . Hence in view of (5.9) and of Lemma 4.3.13 it suffices to show that E sends the inclusion C c (R) = A c (0) → A 0 (0) = C 0 (R) to a weak equivalence. Because E commutes up to weak homotopy equivalence with filtering colimits along injective maps, the natural map colim ρ>0 E(C 0 (−ρ, ρ)) → E(C c (R)) is a weak equivalence. For each ρ > 0, C 0 (−ρ, ρ) ⊳ C 0 (R) is an ideal and the s) is a contraction. Thus because the functor E is homotopy invariant and excisive, E(C 0 (−ρ, ρ)) → E(C 0 (R)) is a weak equivalence. Hence we have a weak equivalence
This finishes the proof.
Corollary 5.13. Let Y be another G-space, and f : X → Y an equivariant map. Let τ : E X → E Y be the natural map induced by f . Assume that τ (A c (V )) is a weak equivalence. Then τ (C) is a weak equivalence too.
Proof. By excision and homotopy invariance, τ (C) is equivalent to the delooping of τ (C 0 (R)) in HoSpt. By (5.12) the latter map is equivalent to τ (C c (R)). The corollary now follows from the proposition above and the fact that a retract of an isomorphism is an isomorphism.
Proper actions
Let G be a discrete group. If J ∈ G-Rings is commutative but not necessarily unital and I ∈ G-Rings, then by a compatible (G, J)-algebra structure on I we understand a J-bimodule structure on I such that the following identities hold for a, b ∈ I, c ∈ J, and g ∈ G: If I and J are * -C-algebras we will additionally require the following two conditions
If moreover I and J are normed, we will further ask that
We say that a compatible (G, J)-algebra structure is full if it satisfies the additional condition
If (A, F), (B, G) ∈ G-BC * with A commutative, for a compatible (G, A)-algebra structure on B to be full we shall also require that G be equivalent to the filtration F · G consisting of the * -subalgebras A · B with A ∈ F and B ∈ G:
Let H ⊂ G be a subgroup. The ring
Z has a natural G-action. We say that a G-ring I is proper over G/H if it carries a full compatible (G, Z (G/H) )-structure. Observe that
is the algebra of compactly supported continuous functions. We say that A ∈ G-BC * is proper over G/H if it carries a full compatible (G, C (G/H) )-algebra structure. Then if x ∈ G/H and χ x is the characteristic function, (6.2) implies that multiplication by χ x is a * -homomorphism A → A with image A x = χ x A. Hence A x is a closed * -subalgebra, and we have a direct sum decomposition
where each A x ∈ BC * , and A H ∈ H-BC * . If F is a bornology in the equivalence class of A, then the induced C * -bornology in A x consists of the C * -algebras A x = A ∩ A x with A ∈ F. The algebra A also carries the following C * -bornology
Condition (6.5) implies that F • is equivalent to F:
Remark 6.9. By (6.7) and (6.8), if G/H is infinite and A is nonzero and proper over G/H, then A cannot be complete, since it is isomorphic as a bornolocal C * -algebra to an infinite algebraic direct sum of copies of A H . In particular, no nonzero G-C * -algebra can be proper in our sense over an infinite homogeneous space G/H. Lemma 6.10. Let A, B ∈ G-BC * . Assume that A is proper over G/H. Then A⊗ B and A ⊗ µ B are proper over G/H, as a G-bornolocal C * -algebra in the first case, and as a G- * -algebra in the second.
Proof. Straightforward.
Lemma 6.11. Let A, B ∈ G-BC * with A commutative and let H ⊂ G be a subgroup. Assume that A is proper over G/H and that B is equipped with a full compatible (G, A)-algebra structure. Then B is proper over G/H.
It follows from (6.7) that B = x B x . Next we show that B x ∩ B y = 0 if x = y. Let b ∈ B x ∩ B y . Then there exist n, a 1 , . . . , a n ∈ A x and b 1 , . . . , b n ∈ B such that
Because A x is a bornolocal C * -algebra, there is a C * -subalgebra A x ⊂ A x , such that a 1 , . . . , a n ∈ A x . Let {e λ } be a bounded approximate unit in A x . Use (6.3) and (6.12) to show that lim λ e λ b = b. On the other hand, e λ ∈ A x and b ∈ B y implies e λ b = 0. Hence B x ∩B y = 0, as claimed. Define an action of
One checks that this action satisfies (6.1), (6.2) and (6.3). Moreover (6.5) and (6.8) 
Let G be a countable discrete group and V a Euclidean space of countably infinite dimension where G acts by affine isometries. We say that the action of G on V is metrically proper if
The condition that a group G admits such an action is the Haagerup approximation property. In the literature, the groups that have this property are sometimes called a-T-menable groups and sometimes Haagerup groups.
The purpose of this section is to prove the following.
Theorem 6.14. Let G be a countable discrete group and let V be a Euclidean space of countably infinite dimension with an action of G by affine isometries. Let E, F : G-BC * → Spt be functors and τ : E → F a natural transformation. Assume: i) The action of G on V is metrically proper. ii) If H ⊂ G is a finite subgroup and P ∈ G-BC * is proper over G/H, then τ (P ) is a weak equivalence.
iii) The functors E and F are excisive and commute with filtering colimits along injective maps up to weak equivalence. Then the map τ (A c (V )) is a weak equivalence.
The proof of Theorem 6.14 will be given at the end of the section. First we need to introduce some notation and prove some lemmas. Let S ∈ F(V ); consider the subalgebra
Observe that Z c (S) lies in the center of A c (S) and, moreover, we have
(6.15)
(6.16)
From now on we shall identify both sides of (6.16). Let S ⊂ T ∈ F(V ); every element of T writes uniquely as
Consider the map
In view of (5.7), under the isomorphism of (6.16), the restriction of β T S to Z c (S) identifies with composition with p ST :
Consider the inverse system of locally compact topological spaces and proper maps {p ST : R + × T → R + × S}. Let H = V be the Hilbert space completion; write H w for H equipped with the locally convex topology of weak convergence. Equip
with the coarsest topology such that both the projection R + × H → H w and the map
We have a homeomorphism
Observe that if S ∈ F(V ), then the subspace topology on R + × S ⊂ X is the usual Euclidean topology. Let v ∈ S ∈ F(V ) and let
be the open ball in R + × S. The subsets
21) are open and form a sub-basis for the topology of X. Observe that the maps
Its image consists of those f which factor through a projection p S .
Let S ∈ F(V ), X ⊂ R + × S a locally closed subset. Put
If X happens to be open then Z c (X) is the subalgebra of Z c (S) consisting of those elements f with supp(f ) ⊂ X.
Lemma 6.23. Let S ∈ F(V ), X ⊂ R + × S a locally closed subset, and let Z ⊂ X be closed in the subspace topology. Then the restriction map
Proof. This is a straightforward application of Tietze's extension theorem.
For X ⊃ Z as in Lemma 6.23, we write
The following trivial observation will be useful in what follows.
If Z ⊂ X is closed in the subspace topology, and
(6.26)
If now G acts on V by affine isometries, then the action extends by continuity to an action by affine isometries on H. Let G act on X via g(x, h) = (x, gh). We also have an action of G on lim
one checks that the homeomorphism (6.20) is equivariant with respect to these actions. Similarly, the map (6.22) is a homomorphism in G-BC * . We remark that if the action of G on V is metrically proper then so are the actions on H and on R × H. In particular by (6.13), we have lim g→∞ ||g(r, v)|| = ∞ (r, v) ∈ R + × H.
(6.27)
The following lemma is an immediate consequence of (6.27).
Lemma 6.28. Let G act on V by affine isometries. Assume that the action is metrically proper. Let X, Y ⊂ R + × H be bounded subsets and let G ⊂ G be a finite subset. Then the set G X,Y = {h ∈ G : GX ∩ hY = ∅} is finite.
Let X be as in (6.19 ). In (6.21) we have introduced the open subsets U (S, r, v, δ) ⊂ X. We shall also consider the compact subsets W (S, r, v, δ) = p −1 S (D S ((r, v), δ) ) (S ∈ F(V ), (r, v) ∈ R + × S, δ > 0).
(6.29) Consider the stabilizer subgroup of an element v ∈ V :
If the action of G on V is metrically proper, then G v is finite for all v ∈ V . Lemma 6.30. Let X be as in (6.19 ) and let (r, v) ∈ R + × V . Let G act on V by affine isometries. Assume that the action is metrically proper. Then there exist a precompact open neighborhood (r, v) ∈ U ⊂ X and an affine subspace S ∈ F(V ) such that i)
Proof. Let S 1 ∈ F(V ) such that v ∈ S 1 . Because G v is finite, G v S 1 ∈ F(V ). Hence, upon replacing S 1 by G v S 1 if necessary, we may assume that We may rewrite the right hand side of (6.32) as Moreover for ℓ = ℓ g as in (5.10), using (6.31) in the second identity, we have
We have shown that G v W = W . Observe also that the expression (6.33) goes to infinity as ||h|| does. In particular the map (x, h) → ||h|| is bounded on W . Hence by (6.13) W ∩ G(r, v) is finite. Taking δ sufficiently small, we obtain W ∩ G(r, v) = {(r, v)}. By Lemma 6.28, the set G = {g ∈ G : W ∩ gW = ∅} \ G v is finite. Let U 1 = U (S 1 , r, v, δ); put U = U 1 \ (GW ).
Let S = GS 1 . Then U is precompact and satisfies both (i) and (ii). Let U ⊂ X be a G-admissible open subset and let U = {U 1 , . . . , U n } and v 1 , . . . , v n be as in (6.34). We may choose S ∈ F(V ) such that
S (U i ∩ (R + × S)), (i = 1, . . . , n).
(6.37)
Let G ⊂ G be a finite subset. With the notations of (6.25) and of Lemma 6.28, putG i =G U,U <i ,
